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Propose an alternative approach to phenomenological models :

• which take into account the microstructure of the material

• which ensures a bridge with the macroscopic scale (multiscale)

• which allows the introduction of multiphysical couplings at the 
small scale

• that is operational for engineering calculations

Motivations



Last few decades evolution of experimental characterization :

• High resolution imaging methods

• Full field measurement (DIC improvements)

• in operando tests (4D imaging)

• Multiscale imaging (local and global)

Motivations



Motivations

Multiscale x-ray CT (3SR)
Voxel size 7 mm
+ discrete DIC

PhD thesis Ando, 2013

Granular material

(Hostun sand)

Grain rotation



Motivations

Clay rock

(Callovo-Oxfordian 
clay rock) macro scale

(ingeneering)
meso scale
(inclusion)

micro scale
(clay agregat)

nano scale
(molecular)



Motivations

Clay rock

(Callovo-Oxfordian 
clay rock)

J.-C. Robinet, 2008

BIB-SEM

G. Desbois et al., 2017

10µm

macro scale
(engineering)

meso scale
(inclusion)



Motivations

Clay rock

(Callovo-Oxfordian 
clay rock)

in operando test    +    η-X-ray CT    +    DIC
synchrotron

100µm

1 mm

Triaxial test

Bésuelle et al.



Motivations

Clay rock

(Callovo-Oxfordian 
clay rock)

Evolution of a vertical slice during axial loading

10µm
Bésuelle et al.



Motivations

Clay rock

(Callovo-Oxfordian 
clay rock)

Combined continuous & discrete DIC

Bésuelle et al.



Motivations

Macro scale (continuum) : FEM Meso scale (heterogeneous) 

Jwell suited to Real scale problem

LCAN NOT realistically model their
heterogeneous nature

Reproduces « naturally »  the complex
behaviour at  mesoscale: 

• granular material (DEM): cyclic
response, anisotropy, strain path
dependency, J

• brittle materials (FEM): damage, 
anisotropy, strain path dependency, 
multiphysical couplingsJ

• Computation time depends on the 
number of grains -> high CPU costsL

> limitation to small problems

Bridging between scale: FEMxDEM or FEMxFEM (FEM2) J J
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Methods
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Methods

‬ɝό

‬ὼὮ

ɝ„

+ tangent operator

unknown
constitutive 

relation

Mesoscale computation
(FEM or DEM)

Periodic boundaries
conditions

REV (mesoscale)Macroscale (FEM)

Material point 
(Gauss point)



Methods

Example of a brittle material modeled by FEM:

Field equation (macro):

Macro strain increment: 
Ў

Ὂ Ὑ Ὗ )

Periodic conditions (meso): Ўό ό
Ў

ὼ ὼ

Macro stress: „ = ᷿ „ ὲ ὼdɜ

Tangeant operator: ‏„ = ὅ
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Δu22

„ὭὮ
‬όᶻ

‬ὼ
ɫ

‬όᶻ

‬ὼ‬ὼ
Ὠὠ ὸὭό

ᶻ Ὕ
‬όᶻ

‬ὼ
ὲ ὨὛ π



Methods

‬ɝό

‬ὼὮ

ɝ„

+ tangent operator

unknown
constitutive 

relation

Mesoscale computation
(FEM or DEM)

Periodic boundaries
conditions

REV (mesoscale)Macroscale (FEM)

Material point 
(Gauss point)

• a mesostructure is
associated to each Gauss 
point

• the mesostructure follows
the full loading path of the 
material point
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Methods

Example of a brittle material with fluid modeled by FEM:

Field equation (macro):

Macro strain increment: 
Ў

, ὴ , ​ὴ

Periodic conditions (meso): Ўό ό
Ў

ὼ ὼ

Ўὴ ὴ
Ў

ὼ ὼ

ύ -ύ = 0
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Δu12
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Frey et al., 2012
van den Eijnden et al., 2015



Methods

Example of a brittle material with fluid modeled by FEM:

Macro stress: „ = ᷿ „ ὲ ὼdɜ

Fluid flux: ά = ᷿ ύὼdɜ

Fluid mass content: M = ὠ ”

Tangeant operator: 

„‏

ὓ‏
ά‏

= 
ὅὭὮὯὰὃὭὮὄὭὮὰ
ὈὯὰ Ὁ Ὃὰ
ὍὭὯὰὐὭ ὒὭὰ

ὴ‏

Δu11

Δu21

Δu12

Δu22

Frey et al., 2012
van den Eijnden et al., 2015



Methods

Example of a brittle material with fluid modeled by FEM:

Consistant tangeant operator: 

„‏

ὓ‏
ά‏

= 
ὅὭὮὯὰὃὭὮὄὭὮὰ
ὈὯὰ Ὁ Ὃὰ
ὍὭὯὰὐὭ ὒὭὰ

ὴ‏

• by perturbations

• by static condensation

Δu11

Δu21

Δu12

Δu22

Frey et al., 2012
van den Eijnden et al., 2015



Methods

Assumptions:

• Macro: large transformations, meso: small transformations

• Macro solid rotation is treated out of the small scale problem. Only stretching 
determined the limit conditions of the small scale problem

Ὂ Ὑ Ὗ ​ ὴ Ὑ ​ ὴ

„ Ὑ „ Ὑ ά Ὑ ά

• Scale separation: mesoscale characteristic time very smaller than at macro scale. 
Small scale problem is treated in its steady state



Methods

Sequential decomposition:

• Newton-Raphson iterative routine for solving the mechanical system (uniform pressure): 
FEM

• Direct routine for solving hydraulic problem (known configuration): Balance of mass fluxes 
on interface nodes,

• Homogenization and tangent operators (perturbation or static condensation).



Methods

Frey et al., 2012
van den Eijnden et al., 2015

Representative
elementary
volume (REV)

inclusion

clay matrix

interface inclusion/clay

potential cracks in clay matrix

Example of a brittle material with fluid modeled by FEM:



Methods

Mechanics

• Grains: linear elastic solid phases

• Cohesive interfaces: damage laws

Normal

Tangential

Fluid flow

• Cohesive interfaces (coupling M Ą H)

• Interface opening defines channel hydraulic
conductivity ( ʆᶿЎὬ

• Flow assumptions

• Laminar flow between smooth parallel platens

• Network of 1D channels between grains

• Fluid forces (coupling H Ą M)

• Fluid pressure acting normally on solids boundaries

• Fluid compressibility

• ” ”Ὡ

Frey et al., 2012
van den Eijnden et al., 
2015

Example of a brittle material with fluid modeled by FEM:



Methods

Marinelli et al., 20132

5

• Laminar flow in parallel plates (cubic law)

• Fluid aperture vs. mechanical aperture

Example of a brittle material with fluid modeled by FEM:



Methods
A model for brittle material modeled by FEM:

Pardoen et al., 2020

Deformation of a REV following
vertical compression and 
horizontal confining pressure 
(12 MPa)



Methods
Example of a brittle material with fluid and temperature modeled by FEM:

Field equation (macro):

Macro strain increment: 
Ў

, ὴ , ​ὴ , q , ​q
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Methods
Example of a brittle material with fluid and temperature modeled by FEM:

Periodic conditions (micro): Ўό ό
Ў

ὼ ὼ

Ўὴ ὴ
Ў

ὼ ὼ

ήύ -ήύ = 0

Ўq q
Ўq

ὼ ὼ

ήὬ -ήὬ = 0

Δu11

Δu21

Δu12

Δu22

Zalamea et al., 2023



Macro stress: „ = ᷿ „ ὲ ὼdɜ

Fluid flux: ά = ᷿ ύὼdɜ

Fluid mass content: M = ᷿ ”άdὛ ὠ ”

Thermal flux: Ὤ= ᷿ ήὬὼdɜ

Internal energy: H = ᷿ ”ά cp
mqm dὛ

Tangeant operator: 

„‏

ὓ‏
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Ὤ‏
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Methods
Example of a brittle material with fluid and temperature modeled by FEM:

Δu11

Δu21

Δu12

Δu22

Zalamea et al., 2023



Methods
A model for brittle material with fluid and temperature modeled by FEM:

Mechanics

• Grains: linear elastic solid phases

• Cohesive interfaces: damage laws

Normal

Tangential

Fluid flow

• Cohesive interfaces (coupling M Ą H)

• Interface opening defines channel hydraulic
conductivity ( ʆᶿЎὬ

• Flow assumptions

• Laminar flow between smooth parallel platens

• Network of 1D channels between grains

• Fluid forces (coupling H Ą M)

• Fluid pressure acting normally on solids boundaries

• Fluid compressibility

• ” ”Ὡ

Frey et al., 2012
van den Eijnden et al., 
2015

+ thermal terms



Methods
A model for brittle material with fluid and temperature modeled by FEM:

Thermal coupling

• Fluid dilation

” ”Ὡ ᷿

• Viscosity reduction

• Thermal exchanges

In solid grains: conduction 

ᴆή ‎​—

At interfaces:

Advection with fluid flow

ᴆή άὧ

where — is an averaged temperature of 

the fluid through the interface aperture

Convection from grains surface

ᴆή Ὤ— —

where — is the grain surface temperature

Neglecting conduction parallel to the interface:

άὧ Ὤ — — Ὤ — —
Zalamea et al., 2023

Incropera et al., 2007



Methods
A model for brittle material with fluid and temperature modeled by FEM:

Zalamea et al., 2023

3

2

Equivalent Thermal Resistance Model (ETRM) 



Methods
A model for brittle material with fluid and temperature modeled by FEM:

Zalamea et al., 2023

3

3

where QREV are the thermal flow on the boundaries of the REV



Methods

Sequential decomposition:

• Newton-Raphson iterative routine for solving the mechanical system (uniform pressure and 
temperature fields): FEM

• Direct routine for solving hydraulic problem (known configuration, uniform temperature 
field): Balance of mass fluxes on interface nodes,

• Direct routine for solving thermal problem (known configuration, known water flow): 
Equivalent Thermal Resistance Model.

• Homogenization and tangent operators (perturbation or static condensation).



Methods
A model for brittle material with fluid and temperature modeled by FEM:

Zalamea et al., 2023

3

5

• Clay- Yellow (47,95%)
• Calcite - Gray (32,93%)
• Quartz – Red (16,51%)
• Pyrite – Blue (2,62%)

100 GRAINS

• Application of initial confinement stress and pore pressure.
• Undrained Heating to 80°C at constant confining.

Example of thermal pressurisation (undrained heating)



Methods
A model for brittle material with fluid and temperature modeled by FEM:

Zalamea et al., 2023

3

6

Example of thermal pressurisation (undrained heating)

• Clay- Yellow (47,95%)
• Calcite - Gray (32,93%)
• Quartz – Red (16,51%)
• Pyrite – Blue (2,62%)

100 GRAINS

• Application of initial confinement stress and pore pressure.
• Undrained Heating to 80°C at constant confining.

Thermal induced damage of the interfaces.
• black, no damage to the interface.
• blue, damage only in normal direction.
• yellow, damage only in tangential direction.
• red, damage on both directions.

Interfaces before heating Interfaces after heating



¸ Porous materials on clay matrix

o Computation of the variation of pore space.

o Possible to include a Biot coefficient of the clay matrix.

¸ Meso pores in the REV  

Methods
A model for brittle material with fluid and temperature modeled by FEM:

Zalamea et al., 2023

Porosity distribution

• Interface porosity: Influence the permeability evolution during loading
• Meso-porosity: influence the effective fluid storage of REV and introduce 

mechanical weakness
• Nano-porosity in clay grains: influence the effective fluid storage and the 

effective Biot coefficient
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Strain localisation

Failure by strain concentration inside shear bands

• Sand

• Clay rock

• Sandstone



Strain localisation

Characteristic lengths

Ando et al. 2015
(sand)

Lanata et al. 2014
(sandstone)



Strain localisation

Mesh size dependance

50 elements 200 elements 300 elements axial force versus shortening

Example of a plane strain compression test (using classical continuum)

enriched continuum (internal length)



Strain localisation

Regularization by enriched continuum

Continuum with microstructure (Germain et al. 1973)

Second gradient continuum (Chambon et al. 2001)
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Balance equation

Boundary conditions



Strain localisation

Regularization by enriched continuum

Continuum with microstructure (Germain et al. 1973)

Second gradient continuum (Chambon et al. 2001)
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Second gradient formalism 
constitutive relation

decoupling
assumption

Classical part

Second gradient part



Strain localisation

Bifurcation analysis

Continuum with microstructure (Germain et al. 1973)

Second gradient continuum (Chambon et al. 2001)
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Bésuelle et al. 2006

Classical part

Second gradient part

Kinematic assumption

Internal length



Strain localisation

Numerical implementation

Second gradient continuum (Chambon et al. 2001)
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Second gradient continuum using Lagrange multipliers (Matsushima et al. 2002)



Strain localisation

Numerical implementation

Bésuelle et al. 2006
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Second gradient continuum using Lagrange multipliers (Matsushima et al. 2002)

v11  v12  v21  v22

u1  u2

l11  l12  l21  l22

u : displacement

v : displacement gradient

l: Lagrange multipliers

36 DOF by element

Q8

Q4

Q1



Strain localisation

Numerical implementation

Second gradient continuum with fluid (Collin et al. 2006)
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Strain localisation

Numerical implementation

Validation

example of a plane strain compression

Gauss points in the plastic regime



Strain localisation

Enriched continuum and computational homogeneisation

Second gradient continuum (Chambon et al. 2001)
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Phenomenological law (elastic isotrope 
linear relation with one parameter)

[ D ]

Computational homogeneisation

Second gradient formalism 
constitutive relation

decoupling
assumption

Classical part

Second gradient part



Strain localisation

Enriched continuum and computational homogeneisation (FEM2)

1%ε22 2% 2.75% 3% 3.2% 1% 4.6%

2.4%

Shear
strain

Shear
strain
rate

Pardoen et al. 2020
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Model calibration
The constitutive description of the model concern ‘exclusively’* the description of 
micro-model

Micro-inspired

• morphology, heterogeneity, constitutive parameters, etc…

• micro-experiments

• smaller-scale modeling

Macro-inspired

• unknown micro-properties are fitted from macro-experiments responses

Other

• Size of the REV (number of grains), etc…

* Influenced by the boundaries conditions of the REV (periodic conditions, preferential orientations)



Model calibration

Micro-inspired: morphology, heterogeneity, constitutive parameters, etc…

Brittle material

• Mineralogies distribution
• Grains size distribution
• Grain morphology (elongation, preferential distribution, etc…)
• Spatial distributions

• Heterogeneity, anisotropy, permeability

Pardoen et al., 2019



Model calibration

Micro-inspired: morphology, heterogeneity, constitutive parameters, etc…

Numerical EV, 250 grains
18% quartz, 30% calcite, 2% pyrite, 50% clay

Grains elongation

(circumscribed ellipse)

Grains orientation

(circumscribed ellipse)

Pardoen et al., 2019



Model calibration

• Micro-inspired: micro-experiments

• Mechanisms of deformation (qualitative information)

• Micro-inspired: smaller scale modelling

Molecular mechanicsGranular mechanicsContinuum mechanics



Model calibration

Macro-inspired

• unknown micro-properties are fitted from macro-experiments responses (hiden assumptions)

σ11 = 0 MPa σ11 = 2 MPa σ11 = 12 MPa

E [GPa] ν [-] Surf. density [%]

Quartz 95 0.074 12
Carbonate 84 0.317 27
Pyrite 305 0.154 1
Clay 2.3 0.110 60

δc
t/n [-] D0

t/n [-] c0
t [MPa] c0

n [MPa]
Interfaces 0.1 0.001 2.5 1.

Effect of the confining pressure on the stress peak
Pardoen et al., 2019



Model calibration

REV variability

Non homogeneity of the material at intermediate scales between macro and meso

Examples:

• Variability of the porosity

• Variability of preferential orientations

• Variability of the clay content (random, structured)

• etc…



Model calibration

REV variability

• Numerical experiments with FEM2 suggest that REV variability can influence the final 
pre-peak response (pre-peak diffuse localisation)

• Some similarity with experimental observations (random distribution with two REV)

Numerical modeling of a biaxial compression 
test in a clay rock (FEM2)
random distribution of orientation of one REV

van den Eijnden et al. 2015

Biaxial compression test on 
COx at 12 MPa confining
pressure

Stress peak
Strain rate



Model calibration

REV variability

• Numerical experiments with FEM2 suggest that REV variability can influence the final 
pre-peak response (pre-peak diffuse localisation)

• Some similarity with experimental observations (random distribution with two REV)

Gallery excavation with a single REV with multiple REV



1. Motivations

2. Methods

3. Couplings

4. Strain localisation

5. Model calibration

6. Parallelisation

7. Conclusions

Outline



Conclusions

Conclusions

• Computational double scale homogenization approach for geomaterials has been 
developed

• For brittle material, a FEM2 scheme is selected, with multiphysical (THM) 
couplings introduced at the small scale

• The approache is compatible with the second gradient continuum for strain 
localization (mesh independent)

• Calibration is both micro-inspired and macro-inspired

• Massive parallelization has been adapted to the double scale approach, which 
implies a modification of the FEM code architecture

• The double scale approach is used for large scale boundaries values problems


